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1. Phys. A: Math. Gen. 27 (1994) 5693-5704. Printed 1n the UK

Two-extended Toda fields in three dimensions

Liu Chaot}, Xiang-Mao Ding}f and Yan-Shen Wang}

t Institute of Modern Physics, Northwest University, Xian 710069, People’s Republic of China™*
I CCAST (World Laboratory), PO Box 8730, Beijing 100080, People’s Republic of China

. Received 2] April 1994, in final form 4 July 1994

Abstract. Two-extended Toda fields associated with Saveliev—Vershik’s continuum Lie
algebras are studied. Such fields satisfy three-dimensional (integro-)differential equations.
Structures such as the fundamental Poisson relation, classical Yang-Baxter equation, chiral
exchange algebra and dressing transformations ate recovered, which are in complete analogy
to the two-dimensional case. The formal solution is also considered using Leznov-Saveliev
analysis, but this does not lead to explicit solutions because we have insufficient knowledge
about the highest-weight representations of the continuum Lie algebras,

1. Intreduction

Two-dimensional integrable field theories have proved to be very fruitful over the last
twenty years. Among such models, Toda field theories have received particular attentions
because they are related to most of the important subjects of modern theoretical physics.
For example, conformal Toda models have played an important role in the investigation of
extended conformal algebras (W algebras) and W gravities; their affine and conformal affine
analogues were shown to be interesting models as solitonic equations, and also as prototypes
of critical-off-critical conformal field theories. Also, the quantum Toda field theories are
among the important quantum integrable field theories which admit the beautiful quantum
group symmetries and/or factorizable S-matrices. Besides, the study of Toda field theories
really helps to establish and understand the systematic methods for treating two-dimensional
integrable systems.

Recently, accompanying the investigation of the so-called W-infinity (W, Wi4oo and
Weo) algebras, there arose a wide interest in studying a certain kind of three-dimensional
integrable model, especially the well known KP hierarchy and the ‘continuous limit” of
Toda theories [1-6]. The latter, being related to w,, algebra [1-3] and real Euclidean
self-dual Einstein gravity [7] and possessing physically non-trivial instanton solutions [4],
has been studied by numerous authors from various view points. Howewver, as far as we
know, the study of three-dimensional Toda model has not been put forward o the same
extent as in the two-dimensional case. One of the still open question is whether, in the
three-dimensional case, there exist structures like the ‘fundamental Poisson relation’ in the
sense of the St Petersburg (formerly Leningrad) group [8], or whether one can treat the
three-dimensional integrable models using the Hamiltonian techniques developed for two-
dimensional integrable models.

It seems to us that it may be too ambitious to answer the last question at the present
stage because we have not even made clear enough what we mean by the term ‘integrability’
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in three-dimensions. In the two-dimensional case, a system of ponlinear partial differential
equations is said to be integrable if it can be represented by the ‘zero-curvature’ equation

[0 — Ay, 0-—-A]=0

where the potentials AL are usually Lie algebra valued. This definition of integrability is
certainly different from the classical concept of the Liouville integrability. It is sometimes
referred to as the Lax integrability because the ‘zero-curvature’ equation is just the
compatibility condition of the Lax pair 8.7 = A, T, and it has been proved that the Lax
integrability is reduced to the Liouville integrability for two-dimensional systems if and only
if the Lax operator A; = %(A.;. — A..) possesses a classical 7-matrix structure [9]. However,
for the three-dimensional case, even Lie algebra valued Lax potentials A are hard to find
for most systems. So, whenever we are speaking of integrable three-dimensional models,
we are talking about those models which are solved exactly in some way. Therefore, we
seem to be a very long way from establishing a systematic approach for three-dimensional
integrable field theories.

Fortunately, due to the development of the concept of contragradient continoum
Lie algebras by Saveliev and Vershik [5], one is now able to establish the Lax pair
representations for a number of three-dimensional models. The simplest example is just
the three-dimensional Toda model mentioned above. Although the continuum Lie algebra
valued Lax pair representation for the three-dimensional Toda model looks rather formal
at first sight, it seems to us that this is precisely the right way to generalize the theories
of two-dimensional integrability to the case of three dimensions. In this article, we shall
study three-dimensional generalization of the two-extended Toda model proposed by us
some time earlier [10]. We shall try to generalize many of the concepts and methods of
two-dimensional integrable models to the three-dimensional case based on this model. As
a by-product, we point out that the model under consideration should correspond to a new
type of W-infinity algebra, and may probably be denoted by w2, The calculation of the
explicit structure of this algebra is planned for the future.

2. Review of continuum Lie algebras

Before constructing the three-dimensional two-extended Toda model, let us first give a brief
review of the continuum Lie algebras. Due to Saveliev and Vershik [5], the contragradient
continuum Lie algebra G(E, K, §) is defined as the quotient algebra G'(E, K, 8)/J., where
E is a vector space over some field ¢, X and S are bilinear mappings £ x E — E, and
G’ is the Lie algebra freely generated by the “local part’ §' = G_; & Go @ G4y through the
relations

[Xo(w), Xo(¥)]1=0

[Xo(p), Xu1(¥)]=£X11(K(p, ¥))

[Xs1(p), X (¥)] = Xo(S(p, ¥))
where @, ¥ € E, and J is the largest homogeneous ideal having a trivial intersection with
Go. For the above relations to really define a Lie-algebra structure, the mappings £ and S
have to be subjected to additional constraints. As a special case, one can choose E to be

a commutative associative algebra with the multipication », and X and § to have a linear
form, say,

Kp, ¥) =K(p)o ¢ Slg, ) = S(pey).
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In these cases one can further choose § = id, which corresponds to the so-catled srandard
Jorm [5}. In this article, we are particularly interested in the standard contragradient
continuum Lie algebras with E being the algebra of C* functions on some one-dimensional
manifold M with the local coordinate t. In such cases, one can replace the generating
relations by the following relations between the ‘kernel generators’

[B()), h(N] =0 [h(t), e£ ()] = =K@, )ex () fer(t), e—(] =80 — HA()

where K(f,#) is called the Cartan operator, or, to be exact, the kernel of the Cartan
operator L (we shall use the term Cartan operator for both K(¢,¢") and K, with some
abuse of terminology) and

Xi(p) = [ AXOe)  Xo=h()  Xar(t) =es(r).

In general, the Cartan operator may be an integral operator possessing a continuous spectrum
(in contrast to the Kac-Moody algebra in which the Cartan matrix possesses a ‘discrete
spectrum’, namely its eigenvalues), and it may or may not be symmetrizable (K(z, ') is
symmetrizable if there exists a function v(f) such that Q(t, ") = K(¢t, () = K, Dv(t).
The operator Q(t,t") is called the symmetrized Cartan operator). In this article, we shall
always assume that the Cartan operator is symmetrizable. As a concrete example, we
can choose K (¢, '} = 8}6 (t — t’), which is itself symmetric under ¢ <> ¢’ (and this algebra
corresponds to the continuous limit of the Lie algebra A,;). As we shall see in the following
context, the two-extended Toda model corresponding to this last special choice of K is
actually a2 generalization of the three-dimensional Toda model of [1-4,7]. Other choices of
K can also give three-dimensional generalizations of the two-extended Toda model, but the
corresponding equations often appear as integro-differential equations.

The general structure theory for the contragradient continuum Lie algebras is not yet
established. Nevertheless, it is enough for us to know that the Killing form can be
appropriately defined according to concrete choices of K and S, and by definition, the
contragradient continuum Lie algebras are naturally Z-graded. In the case of § = id with
a symmetrizable Cartan operator K (z,¢"), the Killing form can be defined as

{r(), AN = K, () = Q@. 1) {es (1), e_(1")) = v(®)8(t = t').

In particular, if K{t,t) = 3,28(1: — t'), the function v{¢) can be chosen to be the constant 1,
and it was shown in [6] that there exist highest-weight representations for the corresponding
Lie algebra G{(C® M, K, id), with the highest-weight state denoted by [r). These materials
are all that is needed for our constructions,

3. Two-extended Toda model in three dimensions

With the above mathematical preparation given, let us now go on to the central subject of
this article—the two-extended Toda model in three dimensions.

The two-dimensional case of this model is studied by us in a series of papers [10, 11], in
which the W-algebra symmetries, fundamental Poisson relation, chiral exchange algebras,
general solution and the Wronskian-type special solution in relation to the WZNW reduction
and classical W-surfaces are made clear. The crucial difference between the two-extended
Toda model and the standard one lies in that, in the standard case, the Lax connections Ay
take their respective values in the subspaces Go @ G*1 of the underlying Lie algebra G
(where G denote the ith graded sector of the Lie algebra G), whilst for the two-extended
model, these connections take values in the subspaces Go ® G0 @ G®E2, It is precisely



5696 Liy Chao et al

this difference that makes the two-dimensiona!l two-extended Toda model have the extended
conformal symmetry algebra W[G, H, 2], in contrast to the standard W[G, H, 1] symmetry
algebra for the usual Toda model (we are using the convention of [11], where the symbol
W[Apy, principal gradation, 1] corresponds to the usual Wy algebra).

Let us be more concrete. The Lax pair of the two-extended Toda model can be written
ag

8:T = AxT Az =F[]82P + exp(F5ad®) ¥z + exp (F5adP) pz ] (1

where, in the two-dimensional case, the fields @ take values in the Cartan subalgebra of
the Kac-Moody algebra G, W4 lie in G, and 4 are constant, regular, representative
elements of G*%, respectively.

Now in order to generalize this mode! to the three-dimensional case, we require that the
fields ®, T, and the constants tt+ be continuum Lie algebra valued. That means that the
above quantities can be rewritten in the form

Ol 5.) = f d APy, 1, 1)
Wy (xy, x2) Efdte;(r)wﬁ(x.,., x_, 1 (2)

pe = £} [ 6140 Q0 ONex0), ex]
where £2(z, t') is an antisymmetric function of # and ¢, and
Wy (xy, x-) = Elus, Vs
= %fdfd?'dﬁﬂ(ht’)v’fd:(x+, x—, W)llex(n), ex(t)], ex(nr)] (3

= f drde’ Qe DK, Ya(xy, xo, Dex(t).

With these definitions in mind, we are now ready to write the equations of motion
for the two-extended Toda model. This can be done by first calculating the compatibility
condition of the Lax pair, which gives the result

8.9_@ + [exp(ad®)W_, W ]+ [exp(adP)p_, p =0
8. 0_ = exp(—ad®)¥, )]
3_W. = exp(add)¥_

and then substituting the definitions (2), (3) into (4). It finally follows that

8+0-p(xy, x_, 1)

_ f dty A 1, YU, DK (1, K (tan 11— (i Ko 1)V (g B 1) ED)
+fdt1 Qz(tl, NEG,DEHER =0
Bt (g Xoy ) = f d Q0 D (e 5o YK (1, DE) 5)

04 (g Xo 1) = f dn Q0 Y- (e 2 1)K (1, DEE)

where the explicit dependence of & on x. is omitted for the sake of brevity of notations,

E(t) = exXp (—fde('t', t)(P(x.;., x—, E)) . (6)
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At first glance, the system (5} of integro-differential equations appears to be rather
complicated. If, however, the Cartan operator K{z, ') and (correspondingly) the function
Q(t, ") are chosen appropriately, the three-dimensional two-extended Toda model can be
rewritten in a very neat form. For example, if we choose the underlying contragradient
continuum Lie algebra to be G(C®M, 328(z—1t"), id) and let (¢, #') = £ —¢', equation (5)
can be rewritten as

340 — 43,9 0y 1 exp(—8)p) + 2exp(—230p) =
Q- = 20,94 exp(—37p) Y]
3_v¥t. =28, ¥_ exp(—82p)

which is exactly an extension of the ‘three-dimensional Toda model’ studied by several
authors.

The reason for the above system being of interest to study is that, firstly, this system of
equations is really a continuous limit of the two-dimensional 4, two-extended Toda model,
just as the ysual three-dimensional Toda model,

3.9_¢ + exp(—97p) =

is the continuous limit of the two-dimensional A,, Toda model. Secondly, as a direct
extension of the three-dimensional Toda model, this system is expected to possess many
extended characteristics of the three-dimensional Toda model, such as a generalized we,
symmetry, extended self-dual Einstein spaces, etc. Actually, the two-extended Toda
model with the underlying Lie algebra A, was suggested [10] to possess a conformal
symmetry algebra already in the two-dimensional case; it can be denoted WS, which is
the generalization to the case of the mteger—half—mtcger conformal spectrum of the usual
nonlinear W, algebra, or the large-N limit of the WN algebra. The conformal algebras
with integer—half-integer spectra were referred to as the ‘bosonic superconformal algebra’ by
Fuchs {12] and by us. Using this termmology, the algebra W2 may be called the ‘bosomc
super W-mﬁmty algebra. The ws) algebra is supposed to be a linear variant of w2, just
45 Woo i 2 linear variant of Wa. However, the explicit structure of the algebras Weo and
w is still difficult to construct. The central difficulty is that, in the two-extended case, it
is not as easy as in the usual case to choose a complete set of chiral conserved quantities
as a good basis. Nevertheless, there should be no problem connected with the existence of
such bosonic superconformal algebras. We hope the difficulty in choosing a basis for such
algebras could be overcome in the future.
It might be of interest to note that the system (7) really admits physically interesting
solutions, For example, the instanton-like solution

an Lo e By fau)do fo(x0)
- f d, f dty In [40:2 )t = by f+(x+)f_(x_))2]

Vi = gx(xs)

explicitly solves equation (7), where f. and g4 are arbitrary functions of the arguments
xx. To obtain more solutions of the system, we have to generalize the techniques for
solving two-dimensional Toda-type models. However, in the present section, we would
rather introduce the effective action for the three-dimensional two-extended Toda moedel
and leave the task of generalizing the technigues for solving two-dimensional Toda-type
models 1o the next section.
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The effective action for the system (4), (5) reads [10]

@, 0y) =1 [dx,,. dx_ {8, PI_ D 4+ W, o Wy + W_3,W.)
=3 [ b cx-foxpl-aa®) (B )b + exp(-ad)(us)u-) ®

=i f dx dr_ dr v(0) {0,0(K)(B-9) + (KQ) (Y )d_ s + (KD(Y-)3: Y-
—2AKD (Y1) KQW-)E + KN E)E] ®

where

KX S) = f an K, 0 F ()
KQ)(f) = f dn Ky, D2, D F (@)

KD(f) = [ dn Ky, Y920, O £ ().

In the particular case of the G(C®M, 32§(t — '), id) model with (¢, ') = ¢ — ¢/, the
above action can be rewritten as

o) = § [ ey dx_ {31088+ 20000+ 209314

—83,.9, ¥ exp(—37p) + 2exp(—237p)} . (10)

Note that the last action is of fourth-order in derivatives of field ¢. Such an action does
not describe a three-dimensional relativistic field theory in the usual sense. Actually, the
extra dimension ¢ is an algebraical dimension which has different meaning in contrast to
the other two space-time dimensions,

Since we are not experienced in treating fourth-order actions, we now prefer to define
the canonical Poisson brackets for the original form (8) of the action. Remembering that the
fields ®, W, are just continuum Lie algebra valued mwo-dimensional fields, and the action
(8) for these fields is of second order, we can define the Poisson bracket for these fields in
the usual way. That means that we can define the canonical conjugate momenta g, Ty,
as

&L
SdoW¥:
where xp and x; are defined as xi = xg == x;. and introduce the canonical equal-time xq
Poisson brackets

{Mo(m) ® (N} =50x ~x)) f dtdr @71, £Yh(r) ® h(t')

Vs (1)

(NI

Hq;, = ,55.% = %30‘1) ﬂq;* =

(12)
(Mo, (r) ® Wa ()} = 60 — 2 f dr o™ (s () ® ex(t)

where @~!(z, ¢") is the formal inverse of the symmetrized Cartan operator Q(t,¢'),

fdt QN (, NQU, 1) =fdt Qe nQ ™', ) = (1 — 1)

Remembering the definitions (11) of the fields I, Iy, and requiring the Poisson bracket
for the component fields ¢, Y. to be consistent with those defined above, we find that the
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Poisson bracket for the fields ¢, ¥+ may be appropriately defined as
[3(@)B0@)(x1, 1), w(x], )} = 8(x; — x])8¢t — 1)
{3, 1), Y (3], D) = 80 — xS — ).

These Poisson brackets are exactly what will arise if we treat directly the action (9) and

define the Poisson brackets in the usual way. Therefore, in spite of the different meaning
of the variable ¢, the Poisson brackets can be defined safely using the usual method.

(13)

4. Fundamental Poisson relation and classical Yang—Baxter equation

As mentioned in the last section, the Hamiltonian method of treating higher-dimensional
(d > 2) integrable systems is still lacking, such as the fundamental Poisson structure and
classical r-matrices. For some particular examples, such as the self-dual Yang-Mills theory
{where the Lax-type linear systems were found for a long time by the use of the prolongation
method [13]), the classical #-matrix has been found by Chau er al [14] vsing the J-field
formulation. However, up to now, there is very little knowledge about whether there may
be a fundamental Poisson relation for the transport matrices since the transport matrix
depends on all four space-time variables, and the Poisson bracket for such matrices cannot
be obtained easily by integrating those for the potentials in the linear systems.

Fortunately, in the three-dimensional Toda-type models, the ‘transport operator’ T does
not depend on the third variable ¢, and thus we can get the Poisson bracket for T by directly
integrating the Poisson bracket for the Lax connections,

Let us first calculate the Poisson bracket {41(x1)®, Ai(x])} with 4, = %(A+ — AL
By direct calculation, we have

(A1 )@, A} =1 f drdr’ K, )20, 1)EV2(Y)
X {¥4.() [e+ () @ () — h(t) @ €,(1))
+ 9.0 [ex ) @ ht") — h(t) @ e5(N]} 81 — x))
+%fdtdt'Q(t,t')E”z(t)E”z(t')

x {les (1), e+ (N ® (h(1) + A(Y) ~ (RO + k() @ [e1.(2), 4(t)]
—le- (), e- (N ® (R() + B(") + (A() + A(E")) ® [e-(2), e~ (t)]
2K (1, ) [es () @ e () — e (t) @ e1.(2)

e_(f) ® e (") — e~ (') ® e-(0)]} 8x; — x}). (14)
Equation (14) can be rewritten as
{A10)®, A} =[r Ai(x) @ 1+ 1@ A(x)8(x; — x7) (15)

where r is a G ® G-valued constant, which may be called the ‘r-operator’,

00
f=%EZfdﬁ-~fdfn [eﬂ‘f)(t], s )@, o, )

a n=I
-9, ..., )@, ..., :,,)] +AC (A arbitrary) (16)
where e:(f:’)(tl, .eey ) € G&M, the superscript ) indicates different (linearly independent)

elements of G, which are assumed to be normalized such that
€D, ..., t), €20, ..., ) =808 — 1)) ... 80t — 1))
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and the summation over a is taken over all such elements, The constant C is the ‘tensor
Casimir operator’ of the continuum Lie algebra G satisfying the conditions

[CABI+1®AI=0
C, A =(C, 1@ A=A  VYAeG.

Explicitly, we can write

C= [ dedt' Q7 (8, tHAR () & h(t)

=]
+ZZ[¢1 ...fdt,, |e53’(:,, e )@, 1)

a a=1
+e9(, ..., 1) ®eP, ..., r,,)].

Of all the choices of A, two special values A = :!:% are particularly important because the
corresponding r-operators,

ry = ;l:% [f dtdr’ 1, Hh(t) ® h(t)

o0
+222fdzl ...fd:,,e;“’(zl, s bY@ N, Ly 1) (17)

2 n=1
satisfy the classical Yang—Baxter equation
2 P+ 2 R+ R 1 =0
The fundamental Poisson relation for T is then easily obtained by integrating the equation
T = AT, yielding
(Tx)®, T(x1)} = [rs, T(x1) @ T (x1)). (18)

5. Exchange algebra and dressing transformation

Let us now proceed by analogy to the two-dimensional case. In what follows, we assume
that the highest-weight representations for G exist, and the highest-weight vector |7} satisfies
the equalities

h()iz) = t(0)lx) er(t)v) =0 vt

{t|t) = 1.

Note that the Lax pair (1) admits a gauge freedom T — gT with g € G, the underlying
continuum Lie group. Using this gauge degree of freedom, we can transform the Lax
connections A= so that one of them takes the form Ay € %V @ G& or AL € §GH2,
Then projecting the resulting transformed Lax pairs onto the states |t), {df e_(f){t) and
their dual states, we can get two sets of ‘chiral’ vectors which means that they depend on
only one space-time variable, x.,. or x_,

To be explicit, we have the chiral vectors,

B (x4) = (rlexp(3 )T 5 (x-) =T " exp( ®)|7}

5 (24) = {<r| f dr e+(:)] exp(W4) exp(1)T (19)

£y (x) =T exp(3 &) exp(¥-) { f dre_ (r)ir)}
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with
8:EF =0 a=1, 2.

Following the standard method [15], we can show that these chiral vectors satisfy the
exchange algebra [10)]

{Er (08, & O} = £ @) @ & ) (:0(x — y) +r-6(y — x))
Er@e o =-Eme)r (105 W)
@ 5l =-(1e5mnEmel)
{6708, 5 N} = 00 — ) +r0( — ) 67 (x) @ & ).
Let us now consider the dressing problem of the three-dimensional two-extended Toda
model. As in the two-dimensional case, the dressing transformation depends essentially

on the factorization of the underlying Lie group G, under which each group element g is
factorized as

(20)

g=8""g: @1)
and the dressing transformation transforms the transport operator T as

T T8 =0,Tg; e-le, =@ =TeT (22)
At present, the factorization problem is solved by the r-operators rs as follows,

Ar=ReA={ry, 1@ A) SAd=A4, - A (23)

which is the infinitesimal form of the factorization problem. The fact that the positive and
negative transformations of T give rise to the same T4 implies that the transformed Lax
potentials A% have the same form as that of the original Ay. Recalling the concrete form
(17) of the ry-operators, we can rewrite the ®4 operators in the following Z-graded form,

©1 = exp (lﬁejf’) exp@@E") ... exp(8™My. .. 24)
where 6@ € §@), and the form-preserving condition for the Lax connections A. implies
that the fields ¢, ¥. must transform as [10]:

=+ =0-02 P19 =0

Wi = Wy Fexp (15ad®)oF,

Note that each element 09 € G© can be written as [ dz @@ (2)h(z), and each §@D e G
can be written as [ dr 8@V (e, (1), so that we can rewrite the above dressing transformation
laws in terms of the component fields,

@0y, 1o, 1) = oy, X, ) E O (kL x_, 1)

VEC, % ) = Yalang, 2o, ) F BY200F (g, 2, 1),

It is particularly interesting to note that the chiral vectors & transform only by a shift
of constant group elements,

Gry¥ =& (7)% =g+, .
In order that the above transformations preserve the form of the chiral exchange algebra
(20), the constant group elements g.. must be subject to some non-trivial Poisson brackets,

{£+®, 84} =[rs, 8+ ® g4]
{g-®,8-}=Irs, g-® 2]
{8+®.8-1=1ry, g4 ® 5]
{g-®, 84} =1r-, 5-© 84+l
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These structures, while considered in the framework of two-dimensional Toda-type theories,
correspond to the semiclassical limit of the quantum (Kac—Moody) group [16]. Therefore,
it might be interesting to see whether the above structure can give rise to any structure like

a *quantum continuum Lie group’ after quantization. We leave this problem open for later
considerations.

6. Formal solutions via Leznov-Saveliev analysis [17]

As in the two-dimensional case, the chiral vectors £ are also useful for constructing formal
solutions of the two-extended Toda system (4),(3). Recalling the definitions of these chiral
vectors, we have

(el exp(@)le) = & ()87 (x)
(rlenp@® exp(o) { [ are-(0in)| = 5087 o)

{ [ ateiesto | expcuexp@in) = g g0,

In terms of the component fields, the above equations read

exp/dzga(x.,.,x-.z)r(t) =§l+(x+)$]‘(x_)

£ (x4)E7 (x-)
N (x4 )8 (x2)
& (x5 (x-)
()b ()
Let us consider the above relations in more detail and show how we can obtain formal

solutions from these relations.
Define Ty g = exp(:l:%(D)T and decompose themn as

fdt Yo(xy,x_, )t () = (25)

f d Yru (g 2, DT(E) =

TL=eXN_M, Ta =eX-N, M_
where Ki € Gg, Ni, My € G, we can get from equation (19) that
£ (xy) = (zlefrmy Er(xo) = MZ'e™¥-|7)
which shows that X, and M. are chiral objects,
9. Kz = 0.Ms. =0.

Furthermore, writing N. = exp(x #") exp(}x ™). .. as we did in equation (24), we obtain
(10]

5 () = { f dt(rie+(r)} efr [1 +e v p. ] M,

£ (x)=MI"[1+eK-p e k- {fdt e_(t)lr}}
where

Py =W, & exp(adKy)xFV 3.Px =0,
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More detailed calculations [10] show that the operators M. are not independent of K and
P,

3. My M = exp(—adK )(Py + 1)

M_3_M~" = exp(—adK_WP_ +p_)
with Py = £[p+, Pi]. Therefore, equations (25) become

(t]eX+* MM [1 + exp(—adK ) P_le™%- fdte_(t)|T)
(tleXs M M leK-|7)

S dt{zles ()ef+[1 + exp(—adK )P 1M M~ e~%-|1)
(rleX+ Mo M e~ %-|1) '

Thus, provided we know enough about the highest-weight representations of the underlying
continvum Lie algebra G, we may be able to obtain the solution of the system (4), (5) using
the above relations.

fdt Yo (X, X, 1)T() =

f 0t s (g 5o, £T(E) =

7. Concluding remarks

In this article, we have studied the three-dimensional two-extended Toda model by
generalizing various techniques for treating two-dimensional models. The models studied
here are usually integro-differential equations; there is, however, one special case, say,
equations (7), which is a complete system of differential equations. Actually, this system is
just the (By, C2) flow of the so-called semiclassical or continuous Toda hierarchy proposed
recently by Takasaki and Takebe [18]. The (B;, C;) flow of this hierarchy is the well
known ‘continuous Toda’ model, which possesses the we, symmetry and corresponds to
real Buclidean Einstein spaces with at least one rotational Killing vector [5]. Therefore, it
is of utmost interest to ask whether equations (7) correspond to any similar structure, If
this is true, then it might also be interesting to clarify the roles of a more general system
(5) in the gravitational theories.

Although we have given some hint of deriving formal solutions to the system (4),(5),
we have to say that such constructions are really formal, since we do not have enough
knowledge about the highest-weight representations of the continuum Lie algebras to
determine whether our construction can really give rise to explicit, physically non-trivial
and interesting solutions. Thus is seems necessary to continue the study of the structures
and representations of the continuum Lie algebras themselves.
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